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OUTLINE

1. Interactive decision maps
2. Visualization

3. Optimizing the generation of the interactive decision maps
4. Web implementation architecture
5. An example – tradeoffs between pulp production and pollution
6. Application – a web based forestry and natural resources management decision support system
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INTERACTIVE DECISION MAPS

The set 𝑋 (feasible solutions set) is mathematically defined for the linear case by the following expression:
𝑋 = {𝑥 ∈ ℛ 𝑛 ∶ 𝐻𝑥 ≤ ℎ}
The Edgeworth-Pareto Hull (EPH) is the non-negative convex set in the space ℛ 𝑚 (𝑚 ≥ 2) delimited by the
non-dominated frontier, which is composed by the set of weakly non-dominated criteria points and straight
segments that connect these points.

A point z ∈ 𝑍 is considered a weakly non-dominated point when there is not another feasible point
which verifies 𝑧 ′ 𝑖 ≻ 𝑧𝑖 (𝑖 = 1, . . . , 𝑚) , ⋁𝑧 ′ ∈ 𝑍 𝑧 ≠ 𝑧 ′ .

3
18/04/2019

INTERACTIVE DECISION MAPS

We assume the linearity of the system of inequalities due to the given matrix H and given vector h. Setting 𝑓 𝑥 =
𝐹𝑥, where F is a given matrix, the EPH we want to find is (Lotov et al. 2004):
𝑍 = {𝑧 ∈ ℛ 𝑚 ∶ 𝑧 = 𝐹𝑥, 𝐻𝑥 ≤ ℎ}

Or alternatively,
𝑄∗ = {𝑧 ∈ ℛ 𝑚 ∶ 𝐷 ∗ 𝑧 ≤ 𝑑 ∗ }
The matrix 𝐷 ∗ and the vector 𝑑 ∗ need to be found. Given 𝑥 ∈ 𝑋 all feasible values for decision
variables and 𝑧 ∈ 𝑍 all feasible values for the criteria, we can define the graph
𝑌 ∗ = {(𝑥, 𝑧) ∈ ℛ 𝑛 × ℛ 𝑚 ∶ 𝑧 ≤ 𝐹𝑥, 𝐻𝑥 ≤ ℎ}
Thus, all we need is to construct the projection of 𝑌 ∗ onto ℛ 𝑚 , the set 𝑍 ∗ . This set
can be found using convolution methods. The process is shown on Lotov et al. 2004
(pp 201-202).
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VISUALIZATION
Assuming we want
to maximize all
the criteria.

𝑧 = 𝐹𝑥
(a)

(c)

(b)

(d)

(e)

Figure 1. Generation of Pareto Frontiers from the Pareto Hull. (a) Initial convex hull of feasible solutions (𝑥𝑖 , 𝑥𝑗 ). (b)
Edgeworth-Pareto hull in the criteria decision space (𝑧𝑖 , 𝑧𝑗 ). (c) Set of efficient solutions in the criteria decision space
(𝑧𝑖 , 𝑧𝑗 ). (d) Extension to the Pareto Frontier for the efficient solutions set considering two criteria (𝑧𝑖 , 𝑧𝑗 ) in order to
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simplify the representation. (e) Pareto Frontiers representation considering three criteria (𝑧𝑖 , 𝑧𝑗 , 𝑧𝑘 ).
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OPTIMIZING THE GENERATION OF THE INTERACTIVE DECISION MAPS

The two criteria (𝑢,𝑣) are fixed when they click on the map and the goal vector 𝑧 = (𝑢,𝑣, 𝑤) is identified (𝑤 is the vector
of other criteria that the user can change by moving the sliders among the minimums and maximums values)

The multi-criteria optimization of the point chosen by the decision maker is obtained as the solution of the following
problem, where X is the set of feasible solutions of the original problem, the goal 𝑧 is the reference point (Wierzbicki
1981), 𝜀𝑖 are small positive numbers and p is the number of criteria considered. So, without loss of generality we can
define this problem as the following optimization problem:
𝑚

minimize 𝑚𝑎𝑥𝑖=1,…,𝑚 𝑧𝑖 − 𝑧𝑖 +

𝜀𝑖 𝑧𝑖 − 𝑧𝑖
𝑖=1

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜:

z=𝑓 𝑥

x∊X

𝑚
𝑖=1 𝜀𝑖

The expression
𝑧𝑖 − 𝑧𝑖 is important in this case to avoid weakly non-dominated solutions
(Lewandowski and Grauer 1982).
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WEB IMPLEMENTATION ARCHITECTURE

In this application, all the computational work for generating all the vertices and constraints defining the EdgeworthPareto Hull in each request of client’s device is performed by the computational Server, after that, the EdgeworthPareto Hull is built using PHP programming language in the PHP Server and finally, is shown on the client’s device

Figure 2. Communication between Client's device, PHP Server and Computation Server
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A PULP PRODUCTION AND POLLUTION MODEL
𝑀𝑎𝑥 𝑍1 = mech_pulp
𝑀𝑖𝑛 𝑍2 = pollution
𝑀𝑎𝑥 𝑍3 = chem_pulp
𝑀𝑎𝑥 𝑍4 = revenues
𝑀𝑖𝑛 𝑍5 = workers
Subject to:

𝑥1 + 𝑥2 ≥ 300
100𝑥1 + 200𝑥2 ≥ 40000
100𝑥1 + 200𝑥2 − 𝑥3 = 0

In this problem adapted from Buongiorno and Gilless 2003, 𝑥1
represents the amount of mechanical pulp production in ton
(mech_pulp is its scaled variable in 102 ton), 𝑥2 is the amount
of chemical pulp production in ton (chem_pulp is its scaled
variable in 102 ton), 𝑥3 is the amount of revenues in USD
(revenues is its scaled variable in 105 USD), 𝑥4 is the amount of
pollution in BOD (pollution is its scaled variable in 102 BOD)
and 𝑥5 is the number of workers involved in the production
(workers is its scaled variable in 102 ).

𝑥1 + 1.5𝑥2 − 𝑥4 = 0
𝑥1 + 𝑥2 − 𝑥5 = 0
𝑥1 ≤ 300
𝑥2 ≤ 200
𝑥1 − 100 𝑚𝑒𝑐ℎ_𝑝𝑢𝑙𝑝 = 0
𝑥2 − 100 𝑐ℎ𝑒𝑚_𝑝𝑢𝑙𝑝 = 0
𝑥3 − 10000 𝑟𝑒𝑣𝑒𝑛𝑢𝑒𝑠 = 0
𝑥4 − 100 𝑝𝑜𝑙𝑙𝑢𝑡𝑖𝑜𝑛 = 0
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𝑥5 − 100 𝑤𝑜𝑟𝑘𝑒𝑟𝑠 = 0
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𝑥𝑖 ≥ 0, ∀𝑖; mech_pulp ≥ 0 ; chem_pulp ≥ 0 ; pollution ≥ 0 ; revenues ≥ 0 ; workers ≥ 0

AN EXAMPLE OF AN INTERACTIVE DECISION MAP’S REPRESENTATION
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Figure 3. Representation of the interactive decision map with five Pareto frontiers.
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AN EXAMPLE OF AN INTERACTIVE DECISION MAP’S REPRESENTATION
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Figure 4. One color representation of Interactive Decision Map.

AN EXAMPLE OF AN INTERACTIVE DECISION MAP’S SOLUTION

Figure 5. Solution in the XML file of CPLEX, using the optimization process described below after we have chosen
the point (mech_pulp, pollution, chem_pulp, revenues, workers) = (2.01, 3.83, 0.50, 4.49, 5.00).
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INTEGRATED INTO WEB-BASED SADfLOR, FOREST AND NATURAL
RESOURCES DSS
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